The observation of long-range energy propagation along nano-engineered arrays of bacterial antenna complexes has been recurrently addressed as a result of ballistic, hence, coherent propagation. We show that the experimentally determined quantities relevant for these dynamics hinder the formation of large coherent domains and inevitably lead to classical diffusion in these densely packed arrays, which nevertheless benefit from the spectral complexity of single antenna complexes and near field interactions to result in the propagation observed. We show that the packing density bridges the apparent incompatibility between observed energy transfer rates in bacterial photosynthetic membranes and nano-engineered antenna arrays, which together with exciton delocalization across individual antennas and non-equilibrium transport, provides useful design strategies to optimize energy transfer in the presence of typical room-temperature conditions.
The observation of long-range energy propagation along nano-engineered arrays of bacterial antenna complexes has been recurrently addressed as a result of ballistic, hence, coherent propagation. We show that the experimentally determined quantities relevant for these dynamics hinder the formation of large coherent domains and inevitably lead to classical diffusion in these densely packed arrays, which nevertheless benefit from the spectral complexity of single antenna complexes and near field interactions to result in the propagation observed. We show that the packing density bridges the apparent incompatibility between observed energy transfer rates in bacterial photosynthetic membranes and nano-engineered antenna arrays, which together with exciton delocalization across individual antennas and non-equilibrium transport, provides useful design strategies to optimize energy transfer in the presence of typical room-temperature conditions.
A high degree of experimental control has been achieved, which allows for the integration of synthetic and biological structures and for the directed assembly of photosynthetic antenna complexes isolated from living organisms [1] [2] [3] [4] [5] [6] , or in supramolecular dye arrays [7] [8] [9] [10] [11] [12] [13] , showing their potential for artificial solar energy conversion and molecular electronics [14] [15] [16] [17] . The very recent progress on the understanding of the impact on classical diffusion from excitonic delocalization in photosynthetic light-harvesting structures under physiological conditions [18] provides an exciting playground for the prospect of using these aggregates to realize efficient energy transfer in artificial devices and in realistic scenarios. Simultaneous excitation with continuous wave diffraction-limited laser beams and detection of the spatial profile of emission through confocal fluorescence enabled the read-out of diffusion lengths of up to 2 µm in artificial assemblies of light harvesting 2 (LH2) antenna complex ( Fig. 1A ) and phycobilisomes of purple and cyanobacteria, respectively [2, 3] . The theoretical explanation was founded on either classical transfer rates of unknown origin and incompatible with current estimates, or on super-transfer mechanism sustained by long-range quantum coherence across approximately 40 pigments in LH2 arrays [19] [20] [21] , hard to reconcile with exciton delocalization previously determined in the the LH2 B800 and B850 subunits ( Fig.  1A) , ranging from 1 to 2 and from 3 to 6 pigments respectively [22] [23] [24] [25] [26] . Upon antenna aggregation, optical spectra were not consistent with any substantial increase in excitonic delocalization [2] , but instead, on a growing connectivity of the LH2 network visualized by increased exciton annihilation [27] [28] [29] .
In the present work, we show that the energy propagation observed in LH2 arrays does not resort to long-range quantum coherence, but, based on established features describing these complexes, it rather relies on the par- * andrea.mattioni@uni-ulm.de † martin.plenio@uni-ulm.de ticipation of dark states and a dense packing of rings, aspects overlooked in previous considerations. Identifying each LH2 complex as a unit cell of the transfer chain, we use a simplified model to provide guidelines for the design of spectral complexity and exciton delocalization within unit cells, in order to achieve longer-range diffusion using the interplay of fast transfer between bright states and shelving of dark states to fluorescence. Many spectroscopic features of the ring-like LH2 structure can be reproduced with a simple excitonic model that considers explicitly only the Q y transition of the bacteriochlorophyll (BChl) molecules, with optical transition dipoles d i = de i (with magnitude and direction d and e i , represented by arrows in Fig. 1A . The interaction between these transition dipoles to the excited state of the i-th pigment |i , are considered in the Hamiltonian
where i|V |j = v ij , and N r is the total number of pigments, distributed in r rings. In what follows, we neglect the B800 structure and focus only on the B850 (both structures named after their absorption maximum in nanometers), since after a short transient thermalization will mostly populate the B850 pigments, while the B850-B850 transfer rate dominates the dynamics in LH2 aggregates [33] .
For nearest neighbor pigments in the B850, v ij depends on the electronic wavefunction geometry, but it can be otherwise described by the interaction between the induced transition dipoles, v ij = 1 4π 0 d 2 r 3 ij e i · e j − 3e i · n ij e j · n ij ), where r ij = r ij n ij is the relative position between pigments. We consider static disorder, i.e. the effect of the protein environment on a time-scale slower than the excitation's lifetime, through the energy shifts ∆ε i , which are stochastic variables that follow a set of parametrizations refined thanks to single molecule experiments [32, 34] . Our analysis models thermalization and spontaneous emission, based upon the excitons acidophila determined via X-ray crystallography [30] . (B) Measured absorption spectrum [31] (blue circles) and theoretical fit, using three models of static disorder [32] , referred to as A, B, C. (C) IPR (circles), SRL (diamonds) of B850 excitons and its thermal average (dashed lines), as a function of the exciton energy. (D) IPR (circles) and SRL (diamonds) of the global excitons of a LH2 dimer, as a function of the exciton energy, compared to the single-ring values (dashed).
(E) Spatial overlap between global excitons. The excitons are ordered in such a way that all "type-1" appear before all "type-2". Both blocks are organized in ascending energy. Diagonals are set to zero to increase contrast. Single-and two-complex quantities are obtained as ensemble averages over 10 6 and 10 4 realizations of static disorder respectively. |α , i.e. H|α = E α |α associated to individual rings, with a master equation
where |g denotes the ground electronic state. Here, γ 0 is the single-pigment fluorescence rate, whereas the thermalization rate
is proportional to the spectral density J(ω) [35] and the bosonic occupation number n(ω) across the excitonic manifold. The factor C is tuned to reproduce the experimentally observed relaxation rates between the two lowest B850 excitons [36] . The pure dephasing rates R αα /2 con-tribute most to the broadening, which can be tuned using the optical dephasing of pigments Γ, thanks to the relation
, in order to achieve the experimentally observed homogeneous linewidth for the B850 band [37] . The inverse participation ratio (IPR) is complementary to the superradiance length (SRL) χ αα = ij α|i χ ij j|α , that provides the number of sites (each fluorescing with rate γ 0 ) participating in the fluorescence from exciton α [38] with χ ij = (e i · e j ) j 0 (2πr ij /λ) − 1 2 e i · e j − 3(e i · n ij )(e j · n ij ) j 2 (2πr ij /λ), where j ν are spherical Bessel functions of the first kind and λ is the wavelength associated to the pigment's optical gap. The SRL reduces in the limit r ij λ to the usual measure of superradiance
We benchmark the parameters derived from experimental observations (nearest neighbor couplings, dephasing rates, static disorder, transition dipoles geometry and magnitude) [24, 32, 34, 36, [39] [40] [41] , summarized in the Supporting Information, with the experimental absorption spectrum (Fig. 1B) , and with measures of superradiance ( Fig. 1C ). Noise-averaged absorption spectra
, pure dephasing dominates the homogeneous broadening. Because fluorescence is way slower than thermalization, it is expected to happen with a rate γ 0 α p α χ αα , from populations distributed with Boltzmann weights p α . The interplay between static disorder (made for three different models labeled A, B and C), geometry and excitonic interactions, lead to a SRL in Fig. 1C that results in emission from α χ αα p α ≈ 3 pigments, in complete compliance with experimental observations [24] . Now we can proceed to analyze the properties of excitons in a pair of interacting rings. Figure 1D shows minor changes in the distributions of SRL and IPR, from a ring separation l = 8 nm (center-to-center), as observed in lipid-reconstituted membranes, to a hypothetical separation of l = 7 nm. Quantitatively, decreasing the distance from 8 to 7 nm results in an increase of the maximum IPR of roughly 1.6 pigments, meaning that excitons are still well localized on one ring. A few states in the two-ring case with l = 7 nm present more localized wavefunctions than in the one-ring case, which we verified to be almost entirely located at the interface of the two rings. Because also the SRL is similar to the one-ring case, the collective properties of absorption and emission remain nearly unchanged upon aggregation for the separations considered. We also studied if relaxation is influenced by the interaction between rings v αα (excitons α and α reside on neighboring rings). Towards that end, we note that the relaxation rate R µν between two eigenstates µ and ν of the two-ring electronic Hamiltonian (considering the interaction V between them) is proportional to the spatial overlap between their respective probability densities, i.e. R µν ∝ O µν = i | µ|i i|ν | 2 , as a result of relaxation by local phonons and vibrational modes of each pigment [32] . We show in Fig. 1E this overlap for physiological and lipid-reconstituted membranes (l = 8 nm), where we ordered the states µ in ascending order according to their population in one of the rings α | α|µ | 2 . We observe two clearly defined domains, which are slightly blurred but still clear even for l = 7 nm. This clear separation can be quantified by noticing that the N 1 states that mostly delocalize in one specific ring will generally differ in number from its N pigments, if v αα is considerably large and comparable to the nearest neighbor interactions within a single ring. The interaction between rings results in a finite standard deviation (SD) σ N1 over realizations of static noise and relative rotation about each ring's symmetry axis, that increases from σ N 1 /N = 0.01 to 0.05 when l is reduced from 8 to 7 nm. The small magnitude of σ N 1 supports the partition of donor and acceptor excitons, restricted to different rings. The robustness of IPR, SRL, σ N 1 and O µν for the scenarios considered can be grasped by the average (out from static disorder and relative rotation about each ring's symmetry axis) of the maximum coupling between pigments belonging to different rings max ii |v ii | = 19 and 128 cm −1 for l = 8 and 7 nm, respectively. These couplings do not disturb considerably the excitonic manifold as they are well below the nearest neighbor interactions within each ring ≈ 250-350 cm −1 [39] , and given that max ii |v ii | entails a time-scale of a few hundreds of femtoseconds which is slower than the typical excitonic dephasing in LH2, their effect can be safely considered in terms of (incoherent) transfer rates. We can therefore calculate a transfer rate from exciton α to exciton α (between rings r and r ) [42] 
and, if intra-ring relaxation occurs much faster than inter-ring transfer, i.e. α,β R αβ α ,α W α α , a total transfer rate from r to r given by k tr = α ,α W α α p α .
In the experimental setting of Ref. [2] , a linear array of LH2s is excited via a continuous wave (CW) laser with an intensity profile n(x), which developes into a fluorescence profile given by the distribution of excitonic population across the array p(x, t), where x are the positions of individual LH2s. Since the reported diffusion lengths [2] are much larger than the separation between neighboring rings l, we can set up a coarse grained diffusion equation,
with the diffusion coefficient D = l 2 k tr , fluorescence and absorption rates k fl and k abs and a steady state solution
where X ± = (σ x,0 /l D ± x/σ x,0 )/ √ 2, resulting from the convolution of the system's impulse response function, namely r(x) = k abs
where l D = l k tr /k fl , and the laser excitation profile n(x), assumed Gaussian with a SD σ x,0 . The total exciton population in the stationary limit across the whole chain is, not surprisingly, k abs /k fl , independently of the specific form of n(x). In order to compare with experimental results, we characterize the final exciton distribution by its relative spread, i.e. the ratio between steady state and initial full width at half maximum (FWHM) ∆x/∆x 0 . We also compare the coarse grained approach of (3) with all-pigment simulations of a linear chain of 10 3 LH2s, where the dynamics are determined by a Pauli master equation, treating on the same footing all incoherent processes, allowing for non-equilibrium transfer and fluorescence. In this case, the non-equilibrium steady state (NESS) exciton population p NESS α , which differs significantly from p α at small l ( Fig. 2D) , allows for the calculation of an effective transfer rate k NESS tr = α,α W αα p NESS α ( Fig. 2A ). Fig. 2A-B shows how fundamental is the intercomplex center-to-center distance l for the determination of the inter-ring transfer rate and, consequently, for the excitonic propagation width ∆x/∆x 0 . Varying the distance l from 8.5 nm to 7.2 nm, the transfer rate k tr increases by one full order of magnitude and the relative spread from ∆x/∆x 0 = 1.1 up to 1.8 for all three different models of static disorder (A, B and C in Fig. 1B-C) . A systematic out-of-plane angle of 5 • in lipid-reconstituted membranes, slightly slows down the transfer along this range. This difference vanishes for lipid-reconstituted membranes or physiological conditions (l 8 nm), but the relative orientation becomes an important design tool for smaller distances where near field interactions are relevant This fundamental dependence, together with the fact that most parameters are constrained by experimental observations in hand with theoretical calculations as discussed in Fig. 1B -C, nominate the reduced inter-complex distance in the nanofabricated arrays in comparison to physiological or lipidreconstituted membranes as a firm candidate to explain the observed micrometer length-scale propagation.
It is important to notice that our results crucially rely on the participation of both bright and dark states in the energy transfer dynamics. The dashed lines in Fig.  2A -B represent the transfer rates and relative spreads predicted by the far-field dipole-dipole approximation, where v αα is simply given by the interaction between the global dipoles D α and D α , hence relevant only for bright states, following a a simple power law k tr ∝ l −6 . In Fig. 2C we show the total escape rate from one exciton α to any other exciton α of an adjacent ring, i.e. α W α α , as a function of the exciton energy E α . The distribution of escape rates when l is reduced from l = 9 to 6.5 nm transforms from a distribution resembling the SRL, peaking at low-energy bright states, to a broader distribution rather similar to the IPR involving higherenergy dark states (cf Fig. 1C ). This finding stresses that near field interactions rely more on exciton delocalization (in an IPR sense) rather than on the transition dipoles D α and D α . Even though this enhancement has been recently commented [18] , it is important to notice that for such distances, the inter-complex transfer can compete with thermalization and a non-equilibrium scenario should be considered, as expressed by p NESS α in our analysis. Deviations from thermal equilibrium in the stationary state redirect transfer along highly conductive high energy exciton bands (Fig. 2D) demonstrating the nonequilibrium character of energy transfer at short intraring separations.
The diffusion observed in Ref. [2] is explained if l 7.2 nm, and proceeds via dark states along a non-equilibrium transfer mechanism relying on excitonic delocalization within each ring unit cell. To the best of our knowledge, the crystal structure of Rb. sphaeroides has not been resolved yet, therefore the 6.2 nm diameter of LH2 β-helices extracted from cryo-electron microscopy images [43] can be set as the absolute minimum for l. It is reasonable to address a separation of l ≈ 7 nm and no tilt in these nanoengineered arrays, as no lipids are involved in the fabrication process. Growing lipid concentration increases the inter-complex distances [27] [28] [29] , whereas the 5 • out-ofplane tilt has only been reported in lipid-reconstituted membranes [43, 44] .
The role of exciton delocalization resulting in dark states within unit cells (analogous to the LH2s) for efficient (classical) energy transfer, can be appreciated with a simple dimeric unit cell (N = 2). Let us consider a linear array with lattice constant l of dimeric unit cells consisting of identical parallel dipoles separated by a distance δ that couple with a strength v 0 , as shown in Fig.  3A . The coupling between equivalent pigments in neighboring dimers is denoted by v. The dimeric unit presents a bright (dark) exciton |b (|d ) given by the symmetric (antisymmetric) combination of single pigment states. The states b and d are split by an energy gap 2v 0 , which may be positive (H-aggregate) or negative (J-aggregate), thus determining the energy ordering of b and d. If the optical dephasing rate is faster (slower) than the timescale of dynamics given by the inter-dimer (intra-dimer) coupling v −1 (v −1 0 ), implying δ l, the dynamics between different dimers can be safely described by transfer rates
determined by the couplings between states b and d and the optical lineshape broadenings Γ α , resulting in a relative dephasing between excitons Γ αα = Γ α + Γ α . The exciton dynamics are controlled by a Pauli master equation for the poppulation of the α-th exciton on the n-th dimeric unit cell ∂ t p n,α = −γ 0 χ αα p n,α − α ,n W α α p n,α + α ,n W αα p n ,α − Rᾱ α p n,α + R αᾱ p n,ᾱ , where α, α = b, d, n = n ± 1 andᾱ
An additional element that does not rely on dark states formation, but only on the delocalization extent of the unit cell excitons regards the interaction of excitons with the dephasing environment. Let us consider transfer along a chain of unit cells each containing N dipoles interacting in such a way that the dipole strength of the unit cell concentrates in a single delocalized state |b , which, in the far field limit, becomes the only state that couples between unit cells, hence the only relevavnt channel for energy transfer. From (4), the stationary mean squared displacement (MSD) is proportional to l D = l k tr /k fl for small enough initial widths. This length increases with larger delocalization, since k tr ∝ v 2 bb ∝ N 2 and k fl ∝ χ bb ∝ N , and due to the reduced dephasing rate of an exciton Γ α = IPR −1 α Γ with respect to the individual pigments dephasing rate Γ by a factor ∝ 1/N for full intra-unit cell delocalization [32] . Because the main broadening mechanism is pure dephasing in photosynthetic complexes, k tr ∝ 1/R αα , the interaction of delocalized excitons with the environment improves the scaling of l D from O( √ N ) to O(N ). We can integrate all these ideas with an analytical study of the Pauli master equation, in order to foresee the advantage of using quantum mechanics within unit cells for efficient classical long-range transfer.
We consider two cases: (i) if |v 0 | < R αα , dephasing avoids appreciable excitonic delocalization and the unit cell is monomeric, dark-states do not form, and the propagation between all pigments across the chain occurs incoherently, and (ii) if |v 0 | > R αα , excitonic delocalization overcomes dephasing within dimeric unit cells, resulting in dark and bright states that characterize the (incoher-ent) propagation between different subunits. Using the geometry shown in Fig. 3A , we can obtain unit cells with a high (low) energy dark state, resulting in a low (high) bright band in the aggregate for v 0 < 0 (v 0 > 0), proper of J-and H-aggregates respectively.
Cases (i) and (ii) relate insofar as they exhibit two inequivalent states per unit cell. Diffusion rate and MSD are best parametrized in terms of quantities describing this anisotropy. Therefore we introduce average transfer, fluorescence and relaxation rates and their respective anisotropies. In case (i) we define W = (W − + W + )/2, where W ± is the transfer rate between two dipoles separated by a distance l ± δ, and ∆W = (W − − W + )/2. We denote the intra-dimer hopping rate by w 0 , while the transfer rate between equivalent dipoles in neighboring rings (at a distance l) is w (Fig. 3A) . Similarly to what shown above, we take the continuum limit and re-express this equation as a set of two coupled second order differential equations associated to either dark or bright manifold diffusion. This allows us to calculate analytically the effective diffusion coefficient by taking the long time limit t → ∞ of the MSD x 2 ∼ 2Dt. With a similar procedure, we can obtain analytical expressions for x 2 in the stationary state upon CW excitation of the bright state at x = 0 ( Fig. 3B-C ) (see the Supporting Information for details). Diffusion coefficient and MSD take the form
in units of l 2 . In case (ii) we define K = (W bb + W dd )/2, R = (R db + R bd )/2, F = γ 0 (χ bb + χ dd )/2, with the respective anisotropies ∆K = (W bb − W dd )/2, ∆R = (R db − R bd )/2 and ∆F = γ 0 (χ bb − χ dd )/2. We denote W bd and W db as a single rate k. Thus we obtain
. (9) Microscopic details such as dipole moments, couplings, distances and dephasing rates are hidden in the coarse grained variables just introduced, which thus allow for a general discussion of the transfer mechanism.
In order to study the effect of dark states and nonequilibrium transfer on energy migration length, we focus on the dependence of x 2 dim on ∆F/F and R/K, which respectively quantify the effectiveness of dark state shielding (from 0 to 1) and the thermal character of transport (Fig. 3B) . When b and d fluoresce with similar rates (∆F/F ≈ 0), J-aggregation gives always rise to longer ranged transfer than H-aggregation. Since the dark state is not effectively shielded from fluorescence, the best strategy is to propagate using the fastest channel, i.e. bright to bright transfer, which is more active when it is at lower energy. In fact, this effect is more evident when having faster relaxation. J-aggregates perform increasingly better thanks to the increase population in the conductive states, while the opposite holds for Haggregates. However, this hierarchy is reversed when d becomes darker (∆F/F ≈ 1). Being shielded against fluorescence, the most convenient transfer pathway for longrange propagation is through the dark state manifold, despite it being slower. Therefore, H-aggregation represents the best strategy, as confirmed also by having longer diffusions lengths for faster relaxation, resulting in larger population in the dark state manifold. In this regime, we are also able to surpass the diffusion lengths of the corresponding monomeric system by two orders of magnitude, as shown in Fig. 3B . Another interesting feature of energy transfer in this system is represented by the role of near field interactions, whose relevance is quantified by ∆K/K, which takes its maximum value 1 when dark states are completely decoupled, while its minimum depends on the specific unit cell geometry (∆K/K > 0.8 for δ/l < 0.35) (see Supporting Information). As expected, x 2 always decreases as near field couplings become less relevant (∆K/K ≈ 1), showing that dark states play a fundamental role in this mechanism (Fig. 3C ). This analysis demonstrates that low-lying dark states can provide a significant advantage in incoherent long-range energy transfer, despite slowing it down, by activating a dark state protection mechanism analogous to that proposed for quantum photocells [45] .
Earlier, we stressed the fundamental importance of high-lying dark states and near field interactions in order to recover the exciton propagation lengths observed in nano-engineered arrays of LH2 complexes. However, the results presented above concerning both energy distribution of SRL (Fig. 1C ) and thermal and non-equilibrium diffusion lengths (Fig. 2B ) of LH2 aggregates hint that such antennas might be taking advantage of a dark state protection mechanism in the far field limit, relevant for biological membranes. In fact, the lowest exciton is darker than the two next in energy, making the LH2 similar to a H-aggregate. Moreover, not being completely dark, the lowest energy excitons of neighboring rings may couple even in the far field limit. On the other hand, transfer from a thermalized exciton manifold yields longer-ranged diffusion, although being slightly slower ( Fig. 1B-C) . This behavior matches the one just described for H-aggregates within our simplified two-state diffusion model. Such considerations pose once again the question of which resources, speed or resilience to losses, are more fundamental to energy transfer in a biological scenario, hinting towards the latter in the case of LH2. Concluding, we have been able to explain with a firm theoretical basis and a consistent set of parameters the micrometer length-scale propagation of excitations observed in artificial arrays of LH2 complexes. Our approach considers the full spectral complexity of the B850 structure of individual LH2 complexes, and unveils the active role of dark states, shelving the excitations from fluorescence while participating in the transfer steps thanks to the dense ring packing, which contrasts with the physiological conditions, and explains the discrepancies between the two scenarios. We were able to pin down the IPR, hence the size of the excitonic wavefunction, as a reliable quantifier to express the speed of transfer when near field interactions come into play, which allowed us to place a firm theoretical basis to the most recent numerical studies and qualitative observations [18] regarding the relevance of darks states in LH2 under physiological conditions. We demonstrate the non-equilibrium character of near field energy transfer, which proves essential for effectively exploiting the highly conductive exciton transfer channels by redistributing the excitonic population to higher lying bands. Moreover, we showed the perspectives offered by this delocalization within unit cells (modular units of the transfer chain) for efficient transfer of excitations under the typical conditions for technological implementations. Table I summarizes the parameters that have been used in the simulations of the B850 rings. The ring structure is dimerized, meaning that each pigment i is identified by two indices, one specifying the dimer (n = 1, . . . , 9) and the other the position within the dimer (ν = 1, 2). A single ring is described by the Hamiltonian
ε − ∆/2 |n, 1 n, 1| + ε + ∆/2 |n, 2 n, 2| + J 1 |n, 1 n, 2| + H.c. + J 2 |n, 2 n + 1, 1| + H.c.
where the primed sum indicates summation over all couples of non-adjacent pigments and v ij stands in this case for the dipole-dipole interaction between pigments. Models A, B, C mentioned in the main text, correspond to three different kinds of static disorder, whose parameters are reported in Table II . They all can be written in terms of the stochastic Hamiltonian
δε n,1 + δε 1 cos(2nπ/9 + φ 1 ) + δε 2 cos(4nπ/9 + φ 2 ) + δε 0 |n, 1 n, 1| + δε n,2 + δε 1 cos(2nπ/9 + φ 3 ) + δε 2 cos(4nπ/9 + φ 4 ) + δε 0 |n, 2 n, 2| ,
where δε n,ν and δε k are zero mean Gaussian random variables with standard deviation σ p and σ k (k = 0, 1, 2) and the angles φ i (i = 1, . . . , 4) are uniformly distributed in [0, 2π). corresponding to different excitonic levels are almost identical. Indeed one can verify that their MSD deviates from the MSD ov the average profile less than 0.5% for all the center-to-center distances under conosideration, as shown in Fig.  4E . To make contact with the experimental situation discussed in the main text, we convolve the impulse response functions with a Gaussian profile with FWHM of 400 nm, in order to recover the exciton profiles corresponding to excitation with a diffraction limited CW laser. tot, plotted for different center-to-center distances. Deviations are always smaller than 0.5%, therefore the shape of the profiles pα(x) can be considered independent from α. (F) Total exciton spatial profile for different center-to-center distances (solid), for a Gaussian excitation profile with a 400 nm FWHM (dashed). These profiles are obtained as convolutions of the excitation profile with the impulse response functions shown in (A-D).
Let us start from the discrete diffusion equation of a linear array composed by dimerized unit cells, each hosting two levels b and d (bright and dark), which can hop to the neighboring cells and are subject to intra-cell relaxation and fluorescence. The corresponding Pauli master equation is
where b n (d n ) denotes the population of the bright (dark) state of the n-th dimer. The continuum limit is achieved by identifying b n = b(x) with x = nl and taking the inter-dimer separation l to be vanishingly small, so that x becomes a continuous variable. Thus we obtain
Introducing
we can rewrite (C2) more compactly as
We are interested in obtaining the effective diffusion coefficient, which being a property of the transport process alone, does not depend on the initial state. Therefore we choose p(x, 0) = δ(x)p 0 , with p 0 = (1, 0) T , i.e. only the bright state is initially populated. Moving to Fourier space with respect to the spatial coordinate x, (C13) is easily solved aŝ
wherep(q, t) = dx e −iqx p(x, t). Introducing the vector u = (1, 1) T , we can write the total exciton population and its mean squared displacement (MSD) at time t as
Making use of (C5), (C6) and the following identity for matrix exponentials 
we can evaluate the (MSD) to be
The matrix exponentials can be evaluated analytically, since G 0 is a 2 × 2 matrix. The quantity in square brackets can be identified with a time-dependent diffusion coefficient, which can be made time-independent by looking at the steady state diffusion at t → ∞. In this limit, transport properties are determined by the smallest eigenvalue of G 0 , therefore the analytical evaluation simplifies further, and yields 
where we have defined k = W bd = W db , and introduced the mean rates
and the anisotropies
The derivation in the case of hopping in the pigment basis follows the same steps, starting from a different Pauli master equation, namely ∂ t p 1,n = w(p 1,n+1 + p 1,n−1 − 2p 1,n ) + W + (p 2,n+1 − p 1,n ) + W − (p 2,n−1 − p 1,n ) + w 0 (p 2,n − p 1,n ) ∂ t p 2,n = w(p 2,n+1 + p 2,n−1 − 2p 2,n ) + W − (p 1,n+1 − p 2,n ) + W + (p 1,n−1 − p 2,n ) + w 0 (p 1,n − p 2,n ),
where p 1,n (p 2,n ) denote the population of the leftmost (rightmost) pigment in a dimeric unit cell. The continuum diffusion equations in this case present an additional term proportional to the gradient of the populations, i.e. they take the form
with
where we have defined W = (W − + W + )/2 and W = (W − − W + )/2. The diffusion coefficient at t → ∞ is
Appendix D: Steady state MSD in the continuum limit
We now consider the problem of obtaining the MSD of the exciton distribution at steady state, i.e. x 2 ∞ , when the system is continuously pumped. Let us start with the dimeric unit cell exhibiting delocalized bright and dark states. In this case, (C13) is modified to 0 = G 2 l 2 ∂ 2
x − G 0 p(x, ∞) + k abs δ(x)p 0 ,
where the source term k abs δ(x)p 0 represents the injection of excitations into the bright state manifold at x = 0 with a rate k abs . It is sufficient to consider point-like injection since every other absorption profile can be treated by convolution. We can determine x 2 ∞ following the same strategy that we used above to determine the diffusion coefficient. The steady state solution in Fourier space iŝ p(q, ∞) = k abs G 2 l 2 q 2 + G 0 −1 p 0 .
Since
, we readily obtain the steady state MSD using (C6), namely
By plugging in the expressions for a bright-dark unit cell, we obtain (D4) In the case of hopping in the site basis, the same procedure gives the result shown in the main text
